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A method for performing variable-timestep molecular
dynamics integration is described, in which an iterative
algorithm is used to select the largest timestep consistent
with the desired simulation accuracy. Accuracy in this
context is defined in terms of energy conservation, rather
than trajectory correctness. Specifically, a timestep-
independent measure of the rate of “diffusion” of the
total energy is used. This variable timestep approach is
compared to fixed-timestep integration for three different
hydrocarbon systems (polyethylene, liquid benzene and
ethylene), which are modeled with a reactive bond-order
potential. These systems represent both equilibrium and
highly non-equilibrium systems at temperatures ranging
from 298 to 2500 K. The variable-timestep method is
found to be approximately twice as computationally
efficient as fixed-timestep integration for the non-
equilibrium sputtering of polyethylene, and the two
methods were competitive for the equilibrium systems.
The algorithm requires the specification of two para-
meters controlling the rates of timestep growth and
decay, but it is found that one set of values is appropriate
for all three systems studied, and there is reason to
believe that the parameters are transferable to other
systems. The algorithm was developed specifically for
simulations involving disparate timescales, such as are
encountered with the reactive bond-order model used
here, but it should also prove beneficial for a wide range
of molecular dynamics applications.

Keywords: Variable-timestep algorithm; Molecular dynamic simu-
lations; Diffusion; Reactive bond-order model

INTRODUCTION

Classical molecular dynamics (MD) simulations
involve the approximation of continuous dynamics
by a discrete-time trajectory, using finite timesteps.
This discretization of the continuous trajectory is one
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of the largest sources of numerical error in an MD
simulation, and the chaotic nature of most systems
results in rapid growth of these integration or
trajectory errors with time. Because MD is often used
as a sampling technique, however, these integration
errors only become a problem when they result in
sampling from an ensemble other than the one
intended. Consequently, failure to conserve energy is
widely used as a measure of the accuracy of a
simulation in the microcanonical ensemble, as it
indicates deviations from the constant-energy
ensemble that would be sampled under rigorously
correct dynamics. Even for simulations in the
canonical or other ensembles, the energy conserva-
tion of the underlying integration algorithm is
usually of interest. These ensembles are frequently
generated either by using an extended Lagrangian or
Hamiltonian that can still generate conservative
dynamics [1-4], or by applying stochastic perturba-
tions (of velocity, volume, etc.) to an otherwise
microcanonical simulation [1,5]. The correct ensem-
ble may not be sampled in these simulations if the
underlying integration method does not generate
very nearly microcanonical dynamics. Energy con-
servation is also important for purely practical
reasons, as poor energy conservation can lead to
numerically induced heating, temperature drift, and
even instability.

Because the energy error scales with timestep for
any numerical integrator, the simulation timestep is
typically determined by what is considered to be an
acceptably small integration error for the physical
system being studied. Consequently, the acceptable
timestep (and thus the maximum practical length of
a simulation) is determined largely by the fastest
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dynamics in the system. This can be a serious
problem for highly energetic or non-equilibrium
systems, in which the fast dynamics occur only for a
small fraction of the simulation, but the compu-
tational penalty of using a small timestep is incurred
over a much longer time. Examples include
simulations of sputtering or energy deposition, in
which an initially highly local concentration of
energy is eventually thermalized across the entire
system; as well as simulations of reactive dynamics,
in which much of the simulation is spent integrating
between infrequent reaction events that are
accompanied by large and quickly fluctuating forces.
Even for equilibrium systems, the energy and
trajectory errors can be dominated by fairly rare
fluctuations into steeply repulsive regions of con-
figuration space, so that the simulation timestep is
still determined by the dynamics in a relatively small
portion of the simulation.

Variable-timestep integrators can be used to
circumvent this problem, by varying the timestep
to maintain a roughly constant level of error. In these
approaches, the timestep is changed adaptively as
the simulation proceeds, and can be viewed as a
function of phase space [6]. The timestep is some-
times chosen predictively, based on either heuristics
[7-12] or an intimate knowledge of the character-
istics of the integrator and the potential [13-15].
Alternatively, the timestep can be selected via an
iterative procedure, in which a timestep is rejected if
it results in errors that are larger than some
predefined tolerance [12,13]. This latter approach is
used quite commonly in numerical analysis to
integrate ordinary differential equations, but is
used much less often in molecular dynamics
simulations of complex physical systems. This is
due, in part, to the common maxim that, because the
force evaluation is by far the most expensive part of
the calculation, it does not pay to perform multiple
force evaluations per integration step. This rule fails,
of course, if the additional work allows the use of
sufficiently large timesteps to compensate for the
extra force evaluation(s). It is generally true that an
extra force evaluation per step does not provide
sufficient improvement in accuracy to allow for a
doubling of the timestep, thus reinforcing this rule of
thumb. The purpose of this paper, however, is to
demonstrate the utility of an extremely simplistic
iterative variable-timestep integrator, in which an
extra force evaluation is needed only in a small
fraction of the timesteps. We demonstrate that this
algorithm is considerably more efficient than con-
stant-timestep integration for non-equilibrium sys-
tems, where a variable-timestep integrator is most
appropriate. Somewhat surprisingly, the efficiency is
also competitive with fixed-timestep integration
for equilibrium systems, at least for the reactive,

condensed-phase hydrocarbon systems studied
here.

In the following section, the integrator is
described, along with the means of parameterizing
and characterizing it. The integrator is then
compared to the standard fixed-timestep velocity
Verlet integrator for three different hydrocarbon
systems, ranging from equilibrium to highly non-
equilibrium. Finally, we present some discussion and
conclusions regarding the effectiveness of the
integrator and its applicability to other systems and
other potentials.

METHOD

Molecular dynamics simulations make use of finite-
difference integration algorithms. Most commonly
used (explicit) integrators can be derived as
discretizations of the classical time propagator, U(f),

il 9. Fa
Uit)y=e = exp [(Uax + )t] (1)

maov

which is the operator that displaces state points I'(t)
forward in time,

I'(to + 1) = UDI'(t) 2

Here, L is the Liouvillian; x, v and F are the Cartesian
position, velocity and forces; and we assume a one-
dimensional system for simplicity of notation. The
propagation over time ¢ can be factored without error
into N individual timesteps At = t/N, so that

U = [u@aniv. 3)

The approximation in a numerical integrator arises
only when the single-step propagator U(At) is
factored in a way that ignores the coupling of
position and velocity in Eq. (1). For example, using a
Trotter factorization of Eq. (1),

AtF 9 J AtF 9
6= () (o5 Jow (F)

~ U(Ab), 4)

generates [16] the well-known velocity Verlet
integrator [17], equivalently represented by the
algorithm

F(to) At
m 2

U(i’o + %) = ou(ty) + (5a)

xX(tg + At) = x(tg) + v (to + %) At (5b)

At) + F(to + At)g. 5¢)

t A =o|t —
o(ty + At) U(0+2 - 5

The decoupling of position and velocity occurs by
assuming that velocity updates occur under constant
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force, and position updates occur under constant
velocity, an assumption which only becomes valid in
the limit of small Af. A variety of integrators can be
generated by different decompositions of the time
propagator [16].

All such integrators can be extended quite easily to
include variable timesteps. The time propagator is
still written as a product of single-step propagators,
but the restriction that the timesteps be equal is
relaxed,

N

ue = JJucty, 6)
i=1
N

t=Y At )

=1

The way that these variable-timestep integrators are
implemented in practice is to update the positions
and velocities as usual for one timestep using the
velocity Verlet or other integration algorithm. Then,
between timesteps, the value of At; can be changed to
a new value before beginning the next timestep. This
is straightforward for any integrators except those
(such as the leapfrog algorithm) that can not be
represented by discrete timesteps as in Eq. (6). The
only practical problem, of course, is in specifying the
timestep At; at each step.

The goal in a simulation with a variable-timestep
integrator is to choose the timestep at each step such
that the integration error has a predictable size, or is
at least bounded by some limit. At a finite timestep
size, the actual trajectory or energy errors incurred
during a particular step depend on the current state,
as well as higher-order derivatives of the potential
energy surface; that is, the errors are functions of
phase space. The problem of predicting the relation-
ship between timestep size and energy error is a very
well-studied problem in numerical analysis, and has
no solution for the general case [13]. Consequently,
predictive variable-timestep methods are used most
frequently with simple, well-understood potentials,
such as the harmonic oscillator or few-body
gravitational systems [14,18].

In molecular dynamics simulations with more
complex potentials, ad hoc rules for timestep selection
may be used instead. Frequently, magnitudes of the
force, F, and its time derivative, F, are assumed to
correlate well with numerical integration errors, and
these are used to predict the simulation timestep
[9,11]. Although analytical expressions for F (or,
equivalently, the third time derivative of the
position) are typically not practical for any but the
simplest potentials [19,20] finite-difference approxi-
mations can be used to obtain F. In a typical method,
the timestep can be chosen such that ||F||At is
approximately constant. In our experience, however,
it is extremely difficult to find correlations between F
and energy errors that are strong enough to allow

efficient prediction of timestep size in a variable-
timestep integrator. This is true for a variety of
measures of ||F||, including the Euclidean norm (the
square root of the sum of the squares) across all
particles, or only for the particle with the maximum
value of F. So although accurate prediction of the
energy errors is, in principle, possible using the local
features of the potential energy surface, this
prediction is impractical for all but the simplest
systems.

Rather than attempting to predict the energy
errors for dynamics on complex potentials, we will
instead find it useful to consider the energy errors to
be the result of a random process. When a simulation
is run with a fixed timestep size, a series of single-
step energy errors results. These errors are not
stochastic, of course, and are completely determined
by the potential, the initial conditions, and the
integration algorithm. But for simulations much
longer than the autocorrelation time of this series, the
energy conservation characteristics can be deter-
mined (in a statistical sense) by knowing only the
probability distribution of energy errors, rather than
the full time series. It is also important to recognize
that the energy conservation behavior of a simulation
is dominated by the tails of this distribution; much of
the energy error in a fixed-timestep simulation is
often due to large errors in a rather small fraction of
the steps.

Thus, rather than attempting to accurately predict
the error at each point in the trajectory, we attempt to
alter the overall distribution in such a way that the
tails can be diminished. For the algorithm described
here, this is done in a rather simple-minded manner.
Beginning with an initial timestep (chosen arbitra-
rily), the dynamics are integrated as usual for one
step. (The particular integrator used—Verlet, velo-
city Verlet, etc.—does not matter here). If the energy
of the resulting state differs from that of the initial
state by more than some tolerance € to be defined
below, then the system is restored to the initial state,
the trial timestep is multiplied by some factor B
(where 0 < B < 1), and continued attempts are made
at integration until the step can be taken with a
tolerable energy error. Once a timestep is found that
does provide sufficient energy conservation, the
integration step is accepted and the timestep is
multiplied by a factor « (where « > 1). This is
done to prevent the timesteps from decreasing
monotonically.

More formally, we define the discretized time in
the simulation as

to=to+ »_Ab, (8)
i=1

where t, is the time at the end of the nth timestep.
To determine the value of Atj;;, we make use of
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an energy error function AH;(At),
AHj(At) = H(t; + At) — H(t)), )

which specifies the error in energy conservation
made by integrating with a timestep At after step j,
with H(t) = HI'(t)) specifying the value of the
system Hamiltonian at time f. Then we choose

At; = Aty (10)

where k is the smallest non-negative integer
satisfying the constraint that

AHj 1 (aB*Ati 1) < e, (11)

The two constants « and B are required to fully
specify the algorithm. The most efficient values of «
and B will be system-dependent, but it is expected
that 8 should typically be substantially less than one,
so that the timestep can quickly “ratchet down”
when encountering a portion of phase space that is
especially prone to numerical errors. And a will
typically be only slightly larger than one, so that the
timestep does not grow so quickly that it requires
frequent downward corrections in non-problematic
areas of phase space.

Because this algorithm involves multiple force
evaluations on those steps that require re-inte-
gration, it would appear to be less efficient than
standard algorithms. However, the expectation is
that (for well-chosen « and pB), the overhead
associated with discarding steps will be more than
compensated by the decrease in computation time
that results from using large timesteps when
possible, and small timesteps only when necessary.
In fact, we note that the number of repeated
iterations can be predicted in advance, for a
sufficiently long simulation. In order for the average
timestep to remain approximately constant over a
long simulation, the rates of timestep growth, due to
a, and decay, due to B, must cancel one another.
Thus, for a simulation of N steps with a fraction f of
the steps requiring re-integration, we have

Afy _ a-pN
= 12
= BN, (12)
so that
Ai’ 1/N
1_f f: _N =~
o' B ( Ato) 1. (13)

Specifying « and B thus determines this fraction,

Ina

S = ha—mp (1)

It is interesting to note that this equation must hold
(for large N), regardless of the type of system, energy

conservation requirements, or individual character
of the dynamics.

The largest benefit from this approach is expected
for non-equilibrium systems, or systems undergoing
infrequent, energetic processes. In those cases, the
timestep will become small as needed, and will
remain small only until the system exits the region of
phase space with large and quickly fluctuating
forces. For equilibrium systems, the repeated steps
may make this method less efficient than fixed-
timestep dynamics at an appropriately chosen At.
Even so, this method may have advantages if the
distribution of energy errors is sufficiently broad.

To specify the energy tolerance that is considered
sufficient at any particular timestep, we must define
more precisely what we mean by energy conserva-
tion. In principle, dynamics in the microcanonical
ensemble should preserve the total energy exactly,
since the Hamiltonian is a constant of the motion.
In practice, the energy errors AE between successive
steps will not be identically zero, but are considered
here to behave as a random variable with a particular
distribution, P(AE).

We assume that the energy conservation proper-
ties of a particular simulation are described fully by
this distribution, and thus by the set of moments of
the distribution. The first two moments demonstrate
the most significant types of errors in a simulation.
A trajectory that exhibits an energy drift over long
times will have a nonzero first moment, (AE).
Trajectories with a zero first moment but nonzero
second central moment 0% = ((AE — (AE))?) exhibit
fluctuations in the energy, but with no long-term
drift. Which is more important depends to some
extent on the application. Because we are interested
in long-time microcanonical integration, drift is a
larger problem than fluctuations. Luckily, drift can
be reduced to negligible levels by using a symplectic
integrator. For example, symplectic integrators such
as velocity Verlet [17], position Verlet [16], or higher-
order examples [21,22], tend to drift much less than
non-symplectic, predictor-corrector-style integrators
[13], whereas the latter may exhibit smaller fluctua-
tions. Once the drift is eliminated, the energy
fluctuations represent the next largest contribution
to the long-time energy errors. Consequently, we will
focus on the root mean square (rms) energy errors,
oap, as the single measure of energy conservation,
and will assume the use of a symplectic integrator to
minimize drift.

It is not sufficient to simply set a fixed value of €
for the energy tolerance in the iterative variable-
timestep integration algorithm (Eq. (11)); € should be
timestep-dependent, to ensure that decreasing the
timestep results in better energy conservation per
unit time, rather than per single timestep. In deriving
an appropriate, timestep-dependent value for €, we
begin by assuming that, for a particular timestep size
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At and (symplectic) integrator, P(AE) is Gaussian
with zero mean and variance azAE(At). This assump-
tion is at least approximately true for equilibrium
systems with reasonable timesteps. If the successive
energy errors are independent of one another, the
distribution of cumulative energy errors after N such
timesteps will also be Gaussian, with zero mean and
variance No3;. (This also holds if the energy errors
are correlated in time, as long as the cumulative
energy errors are measured over times that are long
compared to the correlation time, although N in this
case should be replaced by Nt/At, where 7 is the
correlation time). So if we desire that the distribution
of energy errors after a total simulation time of t have
a standard deviation of oar(f), we can require that
the rms deviation of each individual step satisfy

t
A A (AD) = oA (D). (15)

Equivalently,

oar (D _ aie(®) _

At = ‘ = Dg, (16)
where we have defined o%(t)/t as our scaled,
timestep-independent measure of energy conserva-
tion, and specified Dg as a target value. We have
assumed that the energy is undergoing a Gaussian
random walk, so Dg is effectively a diffusion
constant of the energy for its Brownian motion in
the one-dimensional energy space. In practice,
trajectory errors scale as At” for an integrator of
order p. The resulting energy errors depend on the
potential used, but also typically scale as At? or
higher. Thus, since all integrators in common use
have p = 2 we see (reassuringly) from Eq. (16) that
the scaled energy errors do decrease with decreasing
timestep.

In the iterative variable-timestep scheme
described here, a target level of energy “diffusion”
is chosen, and individual timesteps are rejected
when they exceed the resulting scaled energy error in
Eq. (16). The energy tolerance € used in Eq. (11) thus
depends on both the size of the timestep and the
targeted value of the energy diffusion constant, D,

e = \VDgAt (17)

For example, in the simulations to be described
below, a reasonable level of energy conservation is to
require that the expected rms deviation in the total
energy be within 1eV (i.e. 10~°eV/atom for a 1000-
atom system, or a temperature change of < 5K) after
a 100-ps simulation. This implies a targeted energy
diffusion constant of Dg = 0.01eV?/ps, or expected
rms deviations of 0.003eV in the energy for a 1-fs
timestep. In the iterative variable-timestep method
described above, an absolute limit is imposed on
every single-step energy error, |AE| = /DgAt, rather

than limiting the rms deviation (which would
require more than one step to evaluate). This
absolute limit is more straightforward to implement,
and is also more stringent, resulting in an actual rms
deviations smaller than Dg/3.

RESULTS

The new iterative variable timestep selection
algorithm has been tested, and compared to fixed-
timestep integration, for three different systems. All
of the systems considered are hydrocarbon systems,
and are modeled with the AIREBO (adaptive
intermolecular reactive empirical bond-order) poten-
tial [23]. This potential belongs to the family of
empirical bond-order models originated by Tersoff
[24,25], and also represented by the popular Brenner
potential for hydrocarbons [26,27]. All of these
potentials allow reasonable treatment of covalent
bonding reactions for various systems, in the context
of a purely classical potential. The AIREBO potential
differs from the Brenner potential in that it also
allows for treatment of both the torsional and van der
Waals interactions needed for accurate simulations
of condensed-phase hydrocarbons. Full details on
the AIREBO potential are available elsewhere [23].
Although all of the systems examined here are
hydrocarbons, and all are treated with the same
model, they were chosen to test the efficiency of the
iterative timestep selection procedure under as wide
a range of simulation conditions as possible. The
integrator used in both the fixed- and variable-
timestep simulations was the symplectic velocity
Verlet algorithm [17].

The first system considered is a simulation of
energetic particle bombardment, in which a 100-eV
Ar atom strikes a 4961-atom surface of amorphous
polyethylene, initially at a density of 0.854g/cm?
and a temperature of 298 K. The polymer is treated
with periodic boundary conditions in the two
directions parallel to the surface. The surface area
is 1265 A2, and the slab has a depth of 35.6 A. After
the incident Ar atom strikes the surface, its initial
kinetic energy of 100eV is dissipated into thermal
energy via a series of energetic collisions and
sputtering events that persist for ~1ps. The
variable-timestep algorithm is expected to be
considerably more efficient than fixed-timestep
algorithms for this system, due to the nonequili-
brium energy distribution in the system; small
timesteps are needed during the initial collisions,
increasing gradually to more standard timesteps for
the thermalized system.

The second system consists of 128 molecules of
ethylene at a liquid-like density of 1.40 g/cm’ and an
elevated temperature of 2500 K. This system is in a
metastable equilibrium at this temperature and at
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sub-nanosecond timescales, punctuated by relatively
infrequent collisions that result in strongly fluctuat-
ing covalent bonding forces. (On nanosecond time-
scales, these collisions, some of which result in
reactions, will lead to polymerization [28]). This
system was chosen as an example of a quasi-
equilibrium system in which there is a need for a
rather broad distribution of timesteps, due to the
expected wide distribution of energy errors.

The final system considered comprises 128
molecules of liquid benzene at 0.873g/ cm® and
298 K. This is an equilibrium simulation under mild
conditions with no reason to expect a particularly
heterogeneous distribution of timesteps or energy
errors. This system was chosen to present the most
challenging test for the variable-timestep algorithm,
and it was not expected that variable timesteps
would be substantially more efficient than standard
fixed-timestep integrators for this system.

As mentioned above, the timestep in a variable-
timestep integration method can be viewed as a
function of phase space [6]. Every different state
point I' will result in a different choice of timestep,
At(I'). In the current algorithm, for example, the
timestep is chosen as (approximately) the largest
value that will result in a scaled energy error less
than some predefined value of Dg. The distribution
of timesteps, P(At), required to achieve this level of
energy conservation in a given simulation thus gives
some indication of the need for a variable-timestep
integrator; if the distribution is narrowly peaked,
with small tails, then a single, fixed timestep can be
chosen with only moderate inefficiency. If the
distribution is broad, and has a significant tail at
low timestep values, a fixed-timestep method will be
quite inefficient compared to an optimal variable-
timestep method.

This distribution P(Af) can be obtained directly
from a simulation using the variable-timestep inte-
gration method described above. Because of

the iterative nature of the timestep selection,
however, the timestep used will always under-
estimate the maximum permissible value. This
underestimation can be minimized by using the
algorithm with a very large o and a value for 3 that is
very close to one. In this way, the chosen timestep
can be guaranteed not to differ from the optimal
value by more than a factor of 1 — 3, and the
distribution P(At) can be obtained to arbitrary
accuracy.

Figure 1 shows the distribution P(At) that is
obtained for each of the three test systems using an
energy tolerance of Dr = 0.01eV?/ps. The values of
a and B used were 2 fs/At and 0.99, respectively, so
that the timestep was always within 1% of the
maximum possible value. (Note that this results in an
extremely inefficient algorithm, with many timesteps
requiring several hundred force evaluations. This is
done only to characterize the method; the parameters
a and B will be optimized for efficiency below).

The distribution of timesteps at constant energy
conservation in Fig. 1 indicates that the sputtered
polyethylene system (top panel) requires a number
of small timesteps of 0.2 fs and below to integrate the
energetic collisions, but that more practical timesteps
near 1fs suffice for much of the simulation. All but
one of the timesteps below 0.1 fs occurred within 1 ps
of impact, during the initial collision cascade. The
2500 K ethylene system (middle panel) also displays
a bimodal distribution, with timesteps of near 0.1 fs
required for the more energetic collisions, and step
sizes of ~0.8fs for the majority of the simulation
time (but a minority of the integration steps). The
bimodal nature of this curve is most likely related to
the nature of the AIREBO potential; the most
energetic collisions involve a damping of the
Lennard-Jones interaction at short distances,
which results in quickly fluctuating forces, and
thus necessitates a very small timestep [23]. This
feature of the potential, rather than a specific

- N

v o

P(At)
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FIGURE 1 Distribution of timesteps required to maintain energy conservation at a level of D = 0.01 eV?/ ps for three different systems.
The upper panel is for the simulation of 100 eV particle bombardment of polyethylene, the middle panel is for the 2500 K ethylene system,
and the lower panel is for room-temperature liquid benzene. All probability distributions are normalized to have an area of one.
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characteristic of the dynamics, is most likely
responsible for the bimodal nature of all three
curves. Note that the small-At peak is largest for the
hot ethylene system, where there are a substantial
number of potentially reactive collisions throughout
the simulation. The cooler benzene system (bottom
panel) can use much larger timesteps than the other
systems, as expected, with At = 1.6fs sufficient for
most of the dynamics.

Common practice with the AIREBO potential is to
use a fixed timestep of 0.25 or 0.5fs at ambient
temperatures to obtain reasonable energy conserva-
tion—quite a bit smaller than the ~1fs that is
standard for potentials without bond flexibility or
reactivity. The usual explanation is that this is
necessary to account for the high-frequency
vibrations of the C-H bonds, but Fig. 1 clearly
indicates that these small timesteps are necessary
only for a rather small fraction of the trajectory. This
suggests that perhaps variable timestep integrators
can result in increased efficiency even for equili-
brium simulations. Although the bimodal character
of these curves is most likely specific to AIREBO and
related potentials, the large-At peaks appear broad
enough to indicate that some benefit could be
obtained from a variable timestep for non-reactive
potentials as well.

The breadth of the distributions in Fig. 1 indicates
that variable-timestep integration methods may
potentially be more efficient than fixed-timestep
methods, but only if the timestep can be predicted
accurately with few force evaluations. The iterative
timestep selection algorithm employed here will be
computationally efficient only if each timestep is
sufficiently predictive of the timestep in the
succeeding step—i.e. if the timesteps are well
correlated in time. This is not guaranteed, but
would seem to be a reasonable assumption: a
collision or other event requiring a smaller than
average timestep should typically last for several of
the timesteps required to integrate it accurately.
Measurement of the timestep autocorrelation time is
complicated by the fact that the timesteps are not
uniform. But informal investigation indicates that
the correlation time is in fact quite short; only about
50% of the small timesteps (below 0.4fs) in the
sputtered polyethylene system are followed directly
by another small timestep.

To evaluate the efficiency of the algorithm, we
tested a range of a and B values for each of the three
systems studied, with the goal of minimizing the
average number of force evaluations needed per unit
of simulation time. The optimum values differed
somewhat for each system, with (e, 8) = (1.1,0.5) for
the sputtering system, (1.1, 0.55) for the hot ethylene
system, and (1.05, 0.55) for the room-temperature
benzene system. Fortunately, however, consensus
values of «=1.1 and B= 0.5 proved to be near-

optimal for all systems (decreasing the efficiency by
only 8% for the benzene system and 3% for the hot
ethylene system), and these values were used in all of
the simulations described below. We note that this
pair of a and B values results in 12.1% of the
iterations being rejected and repeated for each
system, in agreement with Eq. (14). It is especially
encouraging that the dependence of the optimal «
and $ on the simulated system is so slight, and that
similar values can be used effectively for such a wide
range of systems and thermodynamic state points.
We thus expect that these values would prove
reasonable for other carbon and hydrocarbon
systems modeled with the AIREBO potential,
although the optimal « and B values may well
prove to be different for other (non-bond-order)
classes of potentials.

A quantitative comparison of the computational
efficiency of the fixed- and variable-timestep
methods is displayed in Fig. 2. This plot
demonstrates that the variable-timestep method is
considerably more efficient than the fixed-timestep
algorithm for the non-equilibrium sputtering
simulation, and of comparable efficiency for the
two equilibrium simulations. At a fixed level of
accuracy, the sputtered system (left panel, Fig. 2)
can be integrated with 50-55% fewer force
evaluations with the variable-timestep integrator
as are required using fixed-timestep integration.
Alternatively, at a fixed computational cost, the
variable-timestep integrator generates energy “dif-
fusion” constants that are only 4-6% of those
obtained with fixed timesteps. For the high-
temperature simulation of reactive ethylene
(middle panel, Fig. 2), the efficiency is nearly
identical for both integrators. The average timestep
is larger by 12% for the variable timestep runs, but
this is almost exactly compensated by the need for
additional force evaluations on 12% of the steps
(cf. Eq. (14)). For the room-temperature simulation
of liquid benzene (right panel, Fig. 2), the variable-
timestep simulation is less efficient by approxi-
mately 5-10% at a fixed level of energy conserva-
tion, or delivers energy diffusion values
approximately 10-60% larger at a fixed compu-
tational cost. We note that the 5-10% decrease in
efficiency could (coincidentally) be counteracted
almost exactly by using the truly optimal « and 8
values for this system. These simulations were run
with the suggested consensus values, however, to
ensure a fair comparison.

We conclude that the variable-timestep integration
should provide similar improvements for other non-
equilibrium systems, and comparable, or only
marginally decreased efficiencies for homogenous,
equilibrium systems. These conclusions are most
certain for other systems treated with AIREBO or
related potentials, of course, because all of the
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FIGURE 2 Computational efficiency of the variable-timestep algorithm (<, thin line) and fixed-timestep algorithms (+, heavy line) for
three different physical systems. The left panel is for the 100-eV bombardment of polyethylene, the middle panel is for the 2500 K ethylene
system, and the right panel is for room-temperature benzene. Energy conservation, measured as the observed mean scaled energy error,
(AE2/A#), is plotted against computational cost, measured as the number of force evaluations needed per 5ps of dynamics. Efficient
simulations are thus represented by curves towards the left (reduced cost) and towards the bottom (increased accuracy).

systems considered here were modeled with this
potential. It is unknown to what degree the current
results depend on the bimodal character of the
distributions in Fig. 1 (which are hypothesized to be
a consequence of the adaptive treatment of the L]
repulsive terms), as opposed to the breadth of the
individual peaks in the distributions, or the
autocorrelations of the energy errors. Investigations
with a wider variety of potentials would be
interesting, but have not been pursued here.

DISCUSSION

An iterative method for choosing the timestep size in
molecular dynamics simulations has been presented,
in which integration steps are rejected and repeated
with smaller timesteps if the resulting error |AE| in
the total energy exceeds a scaled energy error
tolerance, (DpAH)'/2. This approach has been shown
to be more efficient than fixed-timestep integration
for hydrocarbons modeled with the AIREBO
potential under non-equilibrium conditions. Some-
what surprisingly, the algorithm also demonstrates
efficiency comparable to that of fixed-timestep
integration in equilibrium simulations of condensed
phase hydrocarbons. Another convenient result is
that the single set of timestep scaling parameters o =
1.1 and B = 0.5 can be used advantageously across a
wide range of conditions. Consequently, this algor-
ithm can be applied confidently to new hydrocarbon
systems, without any need for extensive parameter-
ization or testing.

Variable-timestep integration algorithms are much
more commonly used in numerical analysis than in
computational chemistry or physics[13]. Even in that
field, however, variable-timestep integration has
fallen out of favor to some degree recently, due to
the discovery that fixed-timestep symplectic inte-
grators can be much more efficient than either fixed-
or variable-step nonsymplectic integrators [29,30],
and that variable timesteps damage the performance
of a symplectic integrator [29-32]. In this study,
however, variable-timestep integration outperforms
the fixed-timestep, symplectic velocity
Verlet algorithm, despite the fact that the variable-
timestep approach has destroyed the symplectic
property of the integrator. The resolution of this
apparent contradiction lies in the choice of metric for
the accuracy of an integration method. Numerical
analysts are primarily concerned with the total,
integrated trajectory error. This is quite appropriate
for few-body systems with simple potentials;
celestial mechanicians are quite justifiably concerned
with the total error in the position of the interacting
bodies at the end of a long simulation of the solar
system. Condensed-phase chemistry and physics
applications, on the other hand, model many more
particles, often use potentials that are substantially
more complex, and are typically quite chaotic. While
accuracy in the short-time dynamics may be
important, the purpose of long-time molecular
dynamics simulation is often simply a means of
sampling phase space or trajectory space. In these
circumstances, the total trajectory error is almost
irrelevant, as the chaotic dynamics prevent numeri-
cal integration to within a specified tolerance in any



18:39 14 January 2011

Downl oaded At:

VARIABLE TIMESTEP ALGORITHM 185

case. But the stability of the trajectory and validity of
the sampled ensemble are crucial. Thus it is not
inconsistent that a non-symplectic, variable-timestep
integrator is found to be more efficient and accurate
in the current study of large-scale systems (using rms
energy errors as the metric), but less so for
simulations using gravitational potentials [29,30] or
harmonic oscillators [32] (using total trajectory error
as the metric). Another significant difference
between the current method and variable-timestep
integration methods commonly used in numerical
analysis [33-35] is that this method only requires
multiple force evaluations on a small fraction of the
integration steps (those that do not satisfy the error
criterion with k=0 in Eq. (11)). For typical ODE
applications, the system can not be assumed to be
Hamiltonian, so multiple force evaluations are
required at every step in order to obtain error
estimates. The energy conservation guaranteed by
strictly Hamiltonian, microcanonical dynamics pro-
vides a much simpler method to obtain energy errors
in molecular dynamics simulations.

The algorithm presented here requires the speci-
fication of an energy “diffusion constant”, D, in
units of energyz/ time. This is a rather unorthodox
means for describing energy conservation, but is in
some ways quite natural; it is perhaps more
instructive and appropriate to plan numerical
simulations in terms of the acceptable level of energy
error after a certain simulation time, rather than by
specifying a fixed timestep (often obtained only after
trial-and-error experience with a particular combi-
nation of potential and system). One consequence of
this, however, is that it becomes more difficult to
predict the amount of computer time required for a
long simulation when the average timestep is not
known in advance (without the same trial-and-error
experience).

The method described here is meant to be used to
generate a simulation with a specifiable amount of
energy error, and the means for doing so were
derived under the assumption of zero-mean,
normally distributed single-step energy errors.
These simplifying assumptions were necessary in
order to obtain a method that could be used to make
decisions on timestep size based only on the error
from a single step. Ideally, timesteps could be
rejected based on more complex criteria, over times
much longer than At. This is impractical, of course,
due to the overhead associated with calculating and
rejecting long portions of the trajectory. In order for
the single-step energy error to have predictive value
at longer times, the noise need not be strictly
Gaussian, but the assumption of a zero-mean
distribution is crucial. If there is any net drift in the
energy, the long-time energy errors will increase
linearly with time, rather than as v/t, and will exceed
the specified tolerance. Luckily, this is not a problem

in practice for continuous, conservative potentials
integrated with symplectic integrators; we have
observed no such difficulties in any of the systems
we have examined.

As with any variable-timestep algorithm, the
integration timestep depends on the system’s
location in phase space [6]. Consequently, the
resulting integrator is not reversible. In addition,
the iterative nature of this integrator gives it some
history dependence; the choice of timestep depends
not only on the system state, but also the previous
timestep value, via Eq. (10). (This is essentially a
course-resolution optimization, where the history
dependence appears in the optimization grid). The
timestep thus can not be viewed as a purely local
function of phase space. In a practical sense, we not
that this affects the reproducibility of restarted
trajectories, and for this purpose the current value
of the timestep should be viewed as part of the state
of the computational system.

It is possible that the performance of the current
method could be improved by imposing an
approximate time symmetry on the variable time-
steps [36,37]; such extensions have not been
considered here.

Because this integration algorithm is designed to
deliver a specified level of energy conservation, it is
most useful for simulations in the microcanonical
ensemble. Implementations for other ensembles are
possible, however. For example, when using a
stochastic thermostat to integrate in the canonical
ensemble, one could be careful to integrate the
thermostat force separately from the internal forces,
and evaluate AE only for the portion of the dynamics
that occurs before the perturbation due to the
thermostat. Likewise, this approach can be used
with other external forces or perturbations, as long as
care is taken to integrate the perturbation separately.
Typically, however, energy conservation is much less
important in thermostatted simulations, and we
expect that the primary use for this algorithm will be
in microcanonical simulations, particularly those of
long duration.
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